On the Calibration of Multiclass Classification with Rejection
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Introduction: Learning with rejection

‘ 1,2 or 77

Source: MINIST dataset
Lecun (1998)
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True or False?

Source: https://me.me/i/the-right-way-to-answer-true-and-false-questions-18781463

Saying “l don’t know” can prevent misclassification.
Related work:

Approach ___ ___ Binay | Multiclass

Bartlett+ (2008); Yuan+ (2010) Ramaswamy+ (2018)

Confidence-base

Classifier-rejector Cortes+ (2015, 2016) X

Ramaswamy+ (2018) only focused on specific types of non-differentiable losses.
Contributions:

 Calibration condition for surrogate losses in the classifier-rejector approach, which

suggests the difficulty especially in the multiclass case
* Excess risk bounds and estimation error bounds to guarantee the one-vs-all (OVA)
and cross-entropy (CE) losses in the confidence-based approach

Multiclass classification with rejection
Given: Labeled data: {(z:.v:)}= "~ p(=,y) rowS70) Famaswamy (012
. _ . 0.0 5) r e X CR?
Rejection cost: ¢ € (0,0. yeV =il . K}
Find: Classifier: f(z) = argmaxg,(x) €Y g, (x): X > R

yey

Rejector: r(x) € R D { f(®) if r(z) >0

reject otherwise
4 [ﬁO—l—c(ra fa L, y)]

Goal: Minimize Ry.i_.(r, f) =

p(x,y)
where Lo.1.c(7, f52,y) = Lf(@)2y] Lir@)>0] T Lir(@)<o)
R N —

misclassification loss rejection loss

50-1-c(7"7 /s, y) is difficult to directly optimize.
Yuan+ (2010); Cortes+ (2015, 2016); Ramaswamy+ (2018)

A computationally-efficient and theoretically justified surrogate loss is needed.

Calibration

Calibration ensures that minimizing a surrogate loss will lead to an optimal solution.

Optimal solution of classification with rejection:

Cortes+ (2015, 2016) proposed this approach in binary case:

Classifier-rejector approach

. po . . _ Cortes+ (2015, 2016)
Classifier and rejector are trained simultaneously

Confidence-based approach
Bartlett+ (2008); Yuan+ (2010); Ramaswamy+ (2018)

Rejector depends solely on classifier’'s confidence

e 4 4 A N A * Cross-entropy (CE) loss:
o A L, A Rejection area Lee(f;x,y) = —gy(T) +log > oy exp (gy ()
o © ¢ .‘ / e One-versus-all (OVA) loss:
® O A Lovalf;x,y) = Cb(gy(w)) + Zy’;éy Cb( — Gy’ (az))
® * Rejector: g(x) = [g1(x),...,9x(x)]"
ry(ax) = max ¥~ (g(@)) — (1~
Classifier Rejector ¥=1; RE s [0, 1]K nverse link function

Qb,(_gy)

—1 _ exp(gy
ley; OVA(g) 9 (—gy)+9'(gy) e

—1 .
v, cr(9) = >y ey €xp(gy/)

Softmax function

e State-of-the-art method in binary case.
* Rejector is flexible, which is desirable when classifier model is misspecified.

See our paper for conditions on ¢ .

We provide excess risk bounds to guarantee OVA and CE losses.

(rl, f1) = argmin W(r, f;n)
rcR, geRE

n(x) = [m@),...,nx(@)]" Wr@), f(@):n@) =3, cpmy@)L(r, fi2,y)

Excess risk:

Afa()—l—c(rr'fa f) — RO—l—c(va f) T int RO—l—c(va f)
f/:measurable
2017 (1 B :
For £(r, f;x,y) thatis convex with respectto 7" and ° WéT’f”’") ARo(f) = Re(f) — f,,melagﬁrable Ro(f")
T . PP SN T . .rs . . '

' is rejection-calibrated only if both conditions hold: Excess risk bound of OVA loss: o Narme 5 o
Condition (1) Condition (2) —g S Logistic log (1 + exp(—=2)) % 2
8W(T7 f;[);n) — 0 Sl 8W(Ta f;%m) (20) ARO‘l‘C(rf7 f) S AROVA(f) Exponential exp(—z) % 2
n: maxsug) ¢ or N M: max, ny=1—c or Extension of the result by Yuan+ (2010) to the multiclass case.  Squared (1-2)° 3 2
\ o r=0 , Squared Hinge (1—2)2 > 2

Excess risk bound of CE loss:

5ARo1c(ry, f)? < ARcr(f)

|

Condition for false accept rate to be zero

Condition for false reject rate to be zero

A necessary and sufficient condition is also provided in our paper (Theorem 4)

Supremum and infimum values coincide under the same constraint. Needs analysis specific to the multiclass case where previous techniques cannot be applied.

Minimizers of OVA and CE losses also minimize the 0-1-c loss.

When max, n, =1 —c —— . |
. Yy _ T See our paper for estimation error bound using Rademacher complexity.
e Binary case: 7] can only be either [1 —¢,c| "or [¢,1 — ]. _
Experiments

 Multiclass case: 7} has infinitely many candidates!
Classifier-rejector: MPC+log (MPC with logistic loss), APC+log (APC with logistic loss)

CaSE StUdy: aceR BeER Hyperparameters
* Multiplicative pairwise comparison (MPC) loss: p:R=R 9p:R—=R Convexmarginlosses Confidence-based: OVA+hin by Ramaswamy+ (2018), OVA+log (OVA with logistic loss), CE
0-1-c error:

Lype(r, fi2,9) = 22,2, db(a (9y () — gy (w)))w(—w(w)) + ey (Br(x)) vehicte
* Additive pairwise comparison (APC) loss:

Lavo(r, f;2,9) = 30y 0((gy(@) = 9y (@) = (@) ) + et (Br(x)) :
Consider ¢(z) = 9¥(z) = exp(—2)
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